A theoretical treatment of the determination of the Z-average sedimentation coefficient in reversibly self-aggregating systems is presented. These equations are useful for determination of formation constants of polymers.
When "concentration-boundaries" are produced in an ultracentrifuge by layering techniques within synthetic boundary cells (1, 2) , gravitationally stable boundaries result in the case of rapidly reversible self-aggregating systems (3, 4, 16) . For such systems, the "concentration-boundary" moves at a rate faster than that of a conventional free boundary below buffer (4) . The present analysis shows that in this particular case, the rate of movement of the "concentration-boundary" defines the Z-average sedimentation coefficient, as the concentration difference across the boundary becomes very small. In the case of a monomer in equilibrium with a single higher polymer, the combination of the Z-average and weightaverage sedimentation coefficients leads to a particularly simple method for the evaluation of the formation constant of the polymer.
Previous studies
In their examination of such "concentration-boundaries" in an ultracentrifuge, Schachman and colleagues (3, 4) concentrated primarily on the use of such boundaries as a means for studying hydrodynamic interaction between sedimenting solute species. They, as well as Steiner (16) , showed that stable boundaries with sedimentation rates higher than the weight-average sedimentation coefficient occur for rapidly reversible self-aggregating systems, and that such results are consistent with the mass-conservation requirements for solute. Another examination of this problem (5) suggested that a series of separated schlieren peaks could be obtained from such "concentration-boundaries," providing individual data for each species. This result has not been realized in practice.
Related work
The study of such "concentration-boundaries" in electrochemistry has provided valuable data on transference numbers (6) . In the field of gel-permeation chromatography, Gilbert et al. (7, 8) have made excellent progress in their characterization of chemically reacting macromolecular systems. Part of the formulation developed here is similar to that reported (7, 8) . However, because of the classical use of the ultracentrifuge to characterize parameters of molecular weight distribution functions (9) , it is natural, in addition, to examine the type of average sedimentation coefficient ac-2577 
where xO represents the uniform region above the boundaries and X the uniform region below the boundaries. Each of these regions is characterized by dc/dx = 0.
[3]
The weight average sedimentation coefficient is also defined by (4)
The relationship derived from the conservation of mass for the limiting sedimentation coefficient of the "concentrationboundary" as the concentration increment across it approaches zero is given (3, 4) by SD= d(sc)/dc. [5] In a reversibly self-associating reacting system containing many species, this relation is generalized to [6] SD=
In order to take into account the hydrodynamic concentration dependence of the sedimentation coefficients, it will be assumed that for each species Si = si'/(1 + kc). [7] Here, si0 is the sedimentation coefficient of the ith species at infinite dilution of all macromolecular species, and k is the coefficient for concentration-dependence, which, for the sake [2] of simplicity, is assumed to be identical for all species. Insertion of Eq. [6] into Eq. [5] and differentiation results in SD==(ctds1/dc + sidci/dc). [8] Since the equilibrium between i-mers and monomers is assumed to be established at every level in the cell at every instant, this follows the mass-action equation ci = Kic1i [9] where Ki is the overall formation constant of i-mer from i molecules of monomer, at a monomer concentration cl. Insertion of Eqs. [7] and [9] into Eq. [8] leads to SD = -{k/(1 + kc) } Ecjsj + (ZisiKici-1)/(dc/dc,). [10] i i Fro SD = -(1 !ik) + EciMisi/ZciMj. [12] From the usual definition of a Z-average quantity (see, for example, Fujita (12), p. 274), the second term in Eq. [12] is called the Z-average sedimentation coefficient. Finally, the sedimentation coefficient of the differential bundary is given by /kc\ ) + kc [13] This result may be compared with the nearest published equivalent for gel permeation chromatography, Eq. [18] of Chiancone et al. (7) .
Applications From Eq. [13] , the Z-average sedimentation coefficient could be determined experimentally in a single measurement of differential sedimentation for a macromolecule showing no hydrodynamic dependence of the sedimentation coefficient, since the first term in Eq. [13] would then disappear. This highly idealized case does not exist in nature, however. Therefore, some estimate of the correction term, the first term in Eq. [13] , must be made in order to measure sz for a rapidly reversible self-aggregating system. A direct measurement of s, as a function of concentration can be made for such systems, by measurement of (10, 11) the second-moment s-value. The observed concentration dependence, however, reflects two simultaneously occurring opposing phenomena, the increasing amount of aggregation at higher concentration, which speeds the sedimentation, and the increase in hydrodynamic interaction, which slows the sedimentation. To precisely sort out these effects is a difficult problem, which has been considered for a similar situation by Gilbert and Gilbert (13) . One can raise the concentration to the point where all aggregation phenomena are complete, provided that an infinite series of polymeric forms do not exist. Then, the concentration dependence of s above this concentration can be taken as that representing the hydrodynamic effect at any concentration (13) . Or, one can simply work by analogy with similar, but nonaggregating systems (7) , and guess at a reasonable value for k, which may be a less satisfactory approach. However, in many cases the first term in Eq. [13] will be only a small correction to the value of the Z-average sedimentation coefficient.
Once the Z-average sedimentation coefficient has been obtained, its value may be used, together with that of the weight-average sedimentation coefficient, to obtain formation constants for polymeric forms. In practice, one might prefer to use a series of measurements over a wide range of concentration, as well as the value of the monomer sedimentation coefficient, s,', which can be obtained experimentally at low concentrations (14) . A useful relation is C,/C = :1) (3z -3W)/(Z -Si) [14] in the case of a monomer in equilibrium with a single higher polymer (n-mer).
A derivation of this relationship involves a considerable amount of straight-forward algebraic manipulation. The starting point for such a derivation is the definition of the weight-average sedimentation coefficient, Eq. [4] , and of the Z-average sedimentation coefficient in Eq. [12] . It is relatively easy, by use of these two definitions, to verify the correctness of Eq. [14] for the case where a monomer is in equilibrium with an n-mer. In Eq. [14] , si at concentration c can be obtained from Eq. [7] . Having ci from Eq. (14) , Kn is obtained from the law of mass action K.
= (c -cl)/C,. [15] Other polydisperse systems For nonreacting systems, the concentration fraction cr/c is independent of total concentration. The hydrodynamic concentration-dependence might again be assumed to follow Eq. [7] . In this case, a repetition of the derivation given above for reacting systems leads directly to SD = 3./(1 + kc). [16] The behavior described by Eq. [16] is completely analogous to that studied by Schachman and coworkers (3, 4) (3, 4) . It would appear unwise to attempt the evaluation of sz for such systems by the procedures outlined above.
The principles outlined are being applied to several reversibly polymerizing proteins, among them alpha-chymotrypsin and lobster hemocyanin, for which considerable information is already available (14) (15) (16) (17) (18) .
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